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PACUET TPEXCJOMHOM IMOJOIOM OBOJIOUYKH
C YYETOM MOJI3YUYECTHU CPEJHETO CJIOS

MonyyeHbl paspeluatoLine ypaBHEHNS METOAA KOHEYHbIX 3NIEMEHTOB ANS pacyera
TPEXCMNOMHbIX 000NoYeEK C y4eTOM MON3y4YecTy cpeaHero crnosi. BHelHue cnov 060noyku
npv 3TOM NPYHUMANMCb YNpyrumun 1 U3oTponHeiMu. MNMpoBeaeHo uccrneaoBaHne BUSHUS
Kp1BM3HBI 060M04KM Ha pOCT Npornba 3a cHeT NoN3yyecTn Ha npumepe cdepuyeckor obo-
NOYKU, LLIAPHMPHO OMEepTOr MO KOHTYPY U 3arpy>KeHHOM paBHOMEPHO pacnpeaeneHHom Ha-
rpy3Kow. YCTaHOBMEHO, YTO C POCTOM KPUBMU3HBI 060M0YKM BAMSIHUE MON3y4eCTn Ha Npornd
CHWXaETCs1 N MOXET OblTb CBEAEHO K HYTHO.

KnroueBble cnoBa: TpexcrnonHas nonorasi 06onouyka, nonayyectb, NoTeHUManbHasi
3Heprusa gedopmaumm, METOL KOHEYHbIX ANIEMEHTOB.

Bonpocam pacyera TpexciIOHHBIX MIACTHH M OOOJNOYEK IMOCBALICHO AOCTa-
TOYHO MHOTO myOnukanui, B T.4. [1—11]. Ho B OOJBIIMHCTBE U3 HUX pacyerT, KaKk
MIPAaBUJIO, BEJIETCS HCKIIOUUTENBHO B YIIPYroil mocranoBke. OHaKo MEHOIUIacTaM,
WCIIOJIb3YEMBIM B TPEXCIOMHBIX KOHCTPYKIHAX B KAUECTBE CPEAHETO CJIOsI, TOMUMO
YOpPYTUX CBOMCTB, mpucymia Ba3kocTs [11, 12]. [ToaTomy 1715 ajlekBaTHOTO OMMca-
HUS HANPSDKEHHO-1e(hOPMHUPOBAHHOTO COCTOSIHUSI TPEXCIOWHBIX 0007104eK HE00X0-
JIMMO TIPHUBJIEKATH anmnapar Teopuu nonszydect [13, 14]. [IlpubnuxenHast MeTonuKa
pacueTa TpeXCIOWHON MIIACTHHKY C YYE€TOM IOJI3y4eCTH CPETHETO CIIOS IPUBOIUTCS
B [12]. B HacTos1melt pabore paccMarpuBaeTcs pacdeT METOA0M KOHEYHBIX JIeMEH-
TOB TPEXCIIOMHBIX 000JI0UEK.

O0omoYKa MpeAcTaBIsAETCs] KAK COBOKYITHOCTD TUIOCKUX TPEYTOJIBHBIX AIIEMEH-
TOB. Mcronb3yeMblil KOHEUHBIN IeMEeHT u300paxkeH Ha puc. 1. B kaxmom y3ne Ta-
KOT'O DJIEMEHTA UMEETCs TSITh CTeNeHeH cBOOOIbI: MepeMeIlieH s BEpXHEH OOLIMBKH
U7, V{; mepemenienus HUxKHeH oOmuBky U, V' uporu6 W,. Tommusb! 00mMBOK
t ut cumTaem MabIMH 110 CPABHEHHUIO C TONIMHOM 06os1ouku h. Kpome Toro, npu-
HUMaeM, YTO BHEIIIHUE CJIOM MepelaloT HOpMaJIbHbIE U KacaTeIbHbIe YCUIIMS B CBO-
el TIOCKOCTH, a CPEHMIA CIIOH paboTaeT TOJIBKO Ha C/IBUT.

h

Puc. 1. TpeyronbHbId TPEXCAOWHBIN KOHEUHBINA HIEMEHT
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[lepemenienns B mpenenax 3JIeMEHTa MOTYT OBITh BBIPAKEHBI Yepe3 Y3JIOBHIE

HePEMEILECHHUS CIIEAYOLIMM 00pa3oM:
UP = NUP™ + NLus™ + NLus™; v = Npve™ + NV + N,

w=N,w, +N,w, + N,w,,

rae N, = i(ai +bx+c y) — ¢ysaxmum GopMmer; 4 — TITOMAAB IIEMEHTA.
U =X,V3 = X3Vp5 Uy =XV — X Vg5 A3 =XV, =X, 015 b=y, =y
by=ys=yi by=)1—y G =X-Xp) =X =X =X, X,

e X;, ; — KOOPJIHMHATHI y3IIOB.

Jedopmariuu 3rieMeHTa ONPEACIISIOTCS CIeAYONM o0pa3om [15]:

a0 1 B(1) B(1) w(w) .
€y :T:ﬁ(blul +b2u2 ‘|‘b3u3 ),

o ]
By _ _ 5(1) (1) 5 .
gh = = (clv1 +C, V2 4 cve )

Yy 2A

ou B(H) avB(H) 1
w -y - _(clul"(“) +C,U U™ 4 vt 4 b v 4 by );
oy ox 2A

u'-u' ow _bw +bw, tbw, N, (U —up )+ N, (U5 —ug )+ Ny (uy —u?)

Voo = +— ;
h OX 2A h

. VISV OW_CW HCW, O, N (v =V )+ N, (v -3 ) + N;(V;—VQZ)'

ST gy 2A h

Wi B MaTpuyHOM BHJIE

H

{e} = [BIU}. e {eb=1{el €} vl € € v o Vo)
Wi=ted dpa) e} fpid=fur viur v wi

IloTennuansHas SHEprus Z[e(l)OpMaLII/II/I 3allMCBIBACTCs B BUJC

1 H H_H H _H H H B B B B B B B
II :EJ.t (cxax +o,8, + rxyyxy)+t (stx +o,8, + rxyyxy)+
A

enf e (12 =15 )+ 5 (15, 75 JoA= [ (N (1 15"} 0m

roe {N}' = { Ny Ny N N No NG Q, sz} — BEKTOp BHYTPEHHUX YCHIIHI

B DJIEMEHTE; {8*}={0 00000y yﬁz}T — BEKTOp JAehopMAaIIHii MOI3YUECTH.

CBHSL Memay BHYTpCHHI/IMI/I yCI/IHI/ISIMI/I nu Z[e(l)OpMaHI/I}IMI/I HNMECT BU
N} =[D](fe}-{&"}), (1)

0]

rae [D]= [DB] — MaTpuIa yIpyTux MOCTOSHHBIX;
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3 1 0] oy E"OL 0
Y olo o (-v)2

[Moncrasus (1) B BeIpaskeHHe AJIsl MOTEHIMAIBHOM SHeprun AeopManny u aa-
JICC IIPUMECHUB ITPUHIUII MUHUMYMa MOJTHOM OHEPruuv, NOJIy4YuM CUCTEMY JIMHEWHBIX
anreOpanveckux ypaBHeHUH

(K1} = {F} +{F'},

rae [K]= J.[B]T [D][B]dA — marpuiia )eCTKOCTH; {Fq} — BEKTOp BHEIIHUX y3JI0-
A
BBIX Harpy30K; {F } = I [B]T dA[D]{s*} — BKaz ie(hopManii ON3yYeCTH B BEK-
A
TOp Y3JI0BBIX HArpy30K.

BripaskeHust 17151 MaTPHUIIBI JKECTKOCTH M BEKTOPA HArpy3KH 3alCaHbl B JIOKAJIb-
HOW cucteMe koopauHar. J{is cocraBieHus cuctemsl ypaBaenuit MKD HeoOxoaumo
JUTSL KQKJIOTO JIEMEHTa BBIIOIHUTH [TpeoOpa3oBaHue K I00abHBIM KOOPIHHATAM.

Beur BeImonHEH pacyer cdepu-
4eckoil 000JI0YKH, H300paKeHHOM
Ha puc. 2, 3arpyKeHHOH paBHOMEp-
HO PpAaCIpENENIEHHOM  Harpy3KoH,
Npy  CIEAYIOMIMX HMCXOAHBIX JaH-
HBIX: MOJAYJb YIPYTOCTH OOIIMBOK
E =2 - 10° MIla; xoad¢uuueHt
[Tyaccona o0muBok v = 0,3; ToJImu-
Ha o0muBOK t = 1,5 MM; TommuHa " I
o6omouku h = 80 MM; MOIYITH CABHTA
sanonuurens G, = 2,5 MIla; pamuyc
0007104KH B IaHe I = § M.

3aKOH TMOJI3yYeCTH MPUHUMAJICS B BUJIE

A

Puc. 2. Cdepuueckast mapHUPHO OIepTast mo
KOHTYpY 000JI0UKa

t
Gy =1+ j T, K(t-1)dt, i=(xz, y2), (2)

1€ ¥, — CABUTOBas JAepopMalys 3arOHUTENS; T, — KaCaTEIbHOE HANPSIKEHUE B
3aIlOJIHUTEIIE.
Snpo mon3y4yecTy OBIIO IPUHATO B BUIE
Kt-1)=Ce*"™, C,=a,=0,077 €
yac
ITpu TakoM siipe 3aKOH HoN3ydecTH (2) mpeacTasiseTcs B 1uddepeHnnanbHoi

dopme
i _ .
ot - _gﬁci —O0LYi,
7€ Y; — CABHMIOBBIE JAe(pOPMAIMHU MOI3YUECTH 3aTIOTHUTEIS.
Huddepentnmanbaas ¢popma 3aKkoHA TOI3YUYECTH TIO3BOJISIET BECTH pacyeT Iia-
TOBBIM METOJIOM, OTIpeJIelisis JIeOpMAIIHU TIOI3YIECTH B CISIYIONHI MOMEHT Bpe-
MEHH TP MIOMOIIH JTUHEHHOH anmmpokcumanuu [ 16—20].

3
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Pacuer mpouzBoauiICs NMpH PazIMYHBIX 3HAYCHUSX Pajyca KPUBU3HBI 000-
moukn. Ha puc. 3 mokazansl rpaduKu pocTa Mporuda mo OTHOIICHHIO K TTPOTHOY B
HadanbHEI MoMeHT BpemeHH W(1)/W(0) B Touke A mpu CIETYIOMMX 3HAYCHUIX R:
a—R=112Mm;6 —R=224Mm;6 —R=336 M;e— R=672M; 0 — R =o00. U3
PHCYHKa BHJIHO, YTO C YBEIIMUCHHUEM KPUBU3HBI 000JIOUKH dPPEKT MOJI3yUeCTH CHU-
xkaetcs. s mmactuasl (pu R = o0) otHOMeHue W()/W(0) cocrasmiio 1,34, a mpu
R =112 m mporub 3a c4eT moa3ydecTr BEIpoC Bcero Ha 3 %.

1.4

135} 0

1.3F

1.25F

1.2
[

w()/w(0)

a

0 20 40 6l B0 100
t, cyT
Puc. 3. Cdepuueckas mapHAPHO OIEpTast IO KOHTYPY 000I0UKa

Takum 06p3,30M, JUIsL TpeXCHOﬁHBIX 000J10UeK OOIBIIOMI KPHUBU3HELI IMOJI3Yy4YC€CTh
3aIllOJIHUTEIIA HE OKa3bIBAaCT BIIMAHUA HaA HpOFI/I6.
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V.I. Andreev, B.M. Yazyeyv, A.S. Chepurnenko, S.V. Litvinov

CALCULATION OF THE THREE-LAYER SHALLOW SHELL TAKING INTO ACCOUNT
THE CREEP OF THE MIDDLE LAYER

The equations of the finite element method for calculation of sandwich shells taking
into account creep were obtained. The shell is represented as a set of flat triangular ele-
ments. The thickness of the carrier layers is supposed to be small compared to the total
thickness of the shell. It is assumed that the outer layers perceive normal stresses, and
the average layer perceives the shear forces. In the derivation of governing equations we
used variational Lagrange principle. According to this principle, the true moves of all the
possible ones satisfying the boundary conditions, are the ones that give a minimum of the
total energy. Total energy is the sum of the strain energy and the work of external forces.

The problem is reduced to a system of linear algebraic equations. On the right side
of this system there is the vector of the sum of the external nodal forces and the contribu-
tion of creep strains to the load vector. The calculations were performed in mathematical
package Matlab. As the law for description of the relationship between stress and creep
strain, we used linear creep theory of heredity. If the core of creep is exponential, the
creep law can be written in differential form. This allows the calculation by step method
using a linear approximation of the time derivative. The model problem has been solved
for a spherical shell hinged along the contour. The relationship between the curvature of
shell and the growth of deflections was analyzed. It was found out that for the shells of
large curvature the creep has no appreciable effect on the deflections.

Key words: three-layer shallow shell, creep, potential energy of deformation, finite
element method.
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